172 Chapter 4 General Vector Spaces

DEFINITION 1 Let V be an arbitrary nonempty set of objects on which two operations
are defined: addition, and multiplication by scalars. By addition we mean a rule for
associating with each pair of objects w and v in V an object u 4 v, called the sum of u
and v; by scalar multiplication we mean a rule for associating with each scalar & and
each object u in V an object ku, called the scalar multiple of u by k. If the following
axioms are satisfied by all objects u, v, win V and all scalars k and m, then we call
V a vector space and we call the objects in V vectors.

1. Ifuand v are objects in V, then u 4 v isin V.
2. u+v=v+4nu

3o ut+(vHwW = +v)+w

4

There s an object 0 in V, called a zero vector for V,suchthat0 +u=u+0=u
foralluin V.

5. For each u in V, there is an object —u in V, called a negative of u, such that
u+(—u)=(—u)+ua=0.
6. Ifkis any scalar and w is any object in V, then ku is in V.
7. k(u+v) =ku-+ky
8. (k+m)u=rku-+mu
9. k(muw) = (km)(u)
10. lu=nu

Observe that the definition of a vector space does not specify the nature of the vectors
or the operations. Any kind of object can be a vector, and the operations of addition and
scalar multiplication need not have any relationship to those on R, The only requirement

is that the ten vector space axioms be safisfied. In the examples that follow we will use
Tour basic steps to show that a set with two operations is a vector space.

To Show that a Set with Two Operations is a Vector Space
Step 1. Identify the set V of objects that will become vectors.
Step 2. Identify the addition and scalar multiplication operations on V.

Step 3. Verify Axioms 1 and 6; that is, adding two vectors in V produces a vector
in V, and multiplying a vector in V' by a scalar also produces a vector in V. Axiom
1 is called closure under addition, and Axiom 6 is called closure under scalar
multiplication.

Step 4. Confirm that Axioms 2,3,4,5,7,8,9, and 10 hold.

Historical Note The notion of an “abstract vector
space” evolved over many years and had many con-
tributors. The idea crystallized with the work of the
German mathematician H. G. Grassmann, who pub-
lished a paper in 1862 in which he considered ab-
stract systems of unspecified elements on which he
defined formal anerations of additinn and scalar mil-
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